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Based on the principles of quantum mechanics such as quantum parallelism and entanglement, quantum computers are expected to be capable of performing certain tasks which no classical computers can do in practical time scales. Early physical realizations of quantum computation were performed in optical cavities, 1 trapped ions, 2 and nuclear spins in bulk solutions. 3 These systems have the advantage of high quantum coherence, but cannot be integrated easily to form large-scale circuits. On the contrary, there exists better potential to realize large-scale quantum computers by implementations of qubits in solid-state systems based on electron spins in quantum dots 4, 5 or nuclear spins of donor atoms in silicon. 6 Recently, superconducting charge 7, 8 and phase qubits 9, 10 have attracted much attention because of possible large-scale integration and relatively high quantum coherence. In particular, recent experimental realizations of a single charge qubit 11 prove that it is promising to construct quantum computers by means of superconducting charge qubits. The next immediate challenge involved is to realize two-bit gates by coupling single charge qubits in a feasible way, since two-bit gates in combination of one-bit operations provide a complete set of gates required for quantum computation. 12 Interbit coupling can be implemented by coupling the single charge qubits to a common inductor to form an LC circuit, 7 but the interbit coupling terms calculated in Ref. 7 only applies to the case when the phase conjugate to the total charge on the external capacitors of both single qubits fluctuates weakly. Here, motivated by the work of Mooij et al., 9 we propose a scheme to couple charge qubits by mutual inductance. In our calculations, self and mutual inductances will be taken into account and their essential roles are demonstrated. Even for charge qubits separated far apart, mutual inductive coupling can still be implemented by means of the superconducting flux transporter as originally designed by Mooij et al. 9 for superconducting phase qubits. Furthermore, we show that the Hamiltonians can be exactly formulated in compact forms in the spin-1 2 representation for both single and double qubits. From the quantum computing point of view, this is important since using these compact forms, the evolution of the systems can be conveniently described.
Single-qubit structure. For the single-qubit structure 7, 11 shown in Fig. 1͑a͒ , the Hamiltonian of the system without including self-inductance energy is given by
where E c ϭe 2 /2C ⌺ , with C ⌺ ϭCϩ2C J , is the singleparticle charging energy and E J (⌽)ϭ2E invariant phase drops 1 and 2 across the junctions are related to the total flux ⌽ϭ⌽ X ϩLI through the superconducting-quantum-interference-device ͑SQUID͒ loop by the constraint 2 Ϫ 1 ϭ2⌽/⌽ 0 , where ⌽ X is the external flux, L the self-inductance of the loop, and ⌽ 0 ϭh/2e the flux quantum. The circulating current in the SQUID loop is given by Iϭ2I c sin(⌽/⌽ 0 )cos , where I c ϭE J 0 /⌽ 0 . Here we consider the charging regime with E c much larger than the Josephson coupling E J 0 , so large fluctuations in n are suppressed and the charge states play a dominative role. Also, we assume that the superconducting gap ⌬ is larger than E c and E c ӷk B T so that quasiparticle tunneling is prohibited. As the external gate voltage V X approaches (2n ϩ1)e/C, charge states ͉n͘ and ͉nϩ1͘ become degenerate. The Josephson coupling strongly mixes them. However, in the vicinity of V X ϭ(2nϩ1)e/C, other charge states have much higher energies since the energy difference between ͉nϪk͘ (͉nϩkϩ1͘) and ͉n͘ (͉nϩ1͘) is ϳ4E c k(kϩ1) for kϭ1,2,3, . . . . In the charging regime with E c ӷE J 0 , transition to higher charge states is hence negligible.
For the special case of extremely small self-inductance, ⌽ reduces to the classical variable ⌽ X . In the spin-1 2 representation based on the charge states ͉↑͘ϭ͉n͘ and ͉↓͘ϭ͉nϩ1͘, the reduced two-state Hamiltonian can be cast into
where
and the corresponding eigenstates are
In the spin-1 2 representation, we have cos ϭ 1 2 x and the circulating current in the superconducting loop is I ϭI c sin(⌽ X /⌽ 0 ) x . The expectation values of the circulating current for these two eigenstates are given by
, which are identical to the results derived directly from the thermodynamic relation I Ϯ ϭϪ‫ץ‬E Ϯ /‫ץ‬⌽ X . For the general case, self-inductance needs to be included and the circulating current in the SQUID loop obeys the relation
This equation implies that I is a continuous function of cos and it can be expanded as the Taylor series
can also be rewritten as follows:
͑5͒
Substituting Eq. ͑4͒ into Eq. ͑5͒ and comparing coefficients of cos n on both sides, one can obtain the coefficients a n :
Similarly, the effective Josephson coupling E J (⌽) ϭ2E J 0 cos(⌽ X /⌽ 0 ϩLI/⌽ 0 ) can also be expanded as the Taylor series
Rewriting E J (⌽) as
and substituting Eq. ͑7͒ into Eq. ͑6͒, one can obtain the coefficients b n :
From Eqs. ͑4͒-͑7͒ it follows that a n ϳ(2LI c /⌽ 0 ) nϪ1 and b n ϳ(2LI c /⌽ 0 ) n . The series ͑4͒ and ͑6͒ converge rapidly since the flux generated by the circulating current is typically much smaller than the flux quantum, 13 i.e., L͗I͘ϳLI c Ӷ⌽ 0 . In the spin- .
͑10͒
In Eq. ͑9͒, we have dropped the term which only leads to a shift of the energy. Retained up to terms second order in the expansion parameter LI c /⌽ 0 , Hamiltonian ͑9͒ becomes
This is in general a good approximation since typically LI c /⌽ 0 ϳ10 Ϫ3 . If the applied gate voltage V X is set to V X ϭ(2nϩ1)e/C, then (V X )ϭ0. The Hamiltonian is reduced to HϭϪE J 0 ͓␥Ϫ(LI c /⌽ 0 )␣␤͔ x and the system evolves according to the unitary transformation
When ⌽ X ϭ0, ␥Ϫ(LI c /⌽ 0 )␣␤ϳ1. The typical switching time during a one-bit operation is of the order ប/E J 0 . For typical experimental value of E J 0 ϳ1 K, one arrives at a very short operation time ϳ0.1 ns. 7 Double-qubit structure. When two single-qubit structures are put together ͓Fig. 1͑b͔͒, mutual inductance becomes relevant. The Hamiltonian of the system with self and mutual inductances included is given by
where iϭ1,2 denote, respectively, the left and right singlequbit structures and
In Eq. ͑14͒ and below, i, jϭ1,2 with i j, and M 12 ϭM 21 is the mutual inductance between left and right SQUID loops shown in Fig. 1͑b͒ . The circulating currents in the left and right superconducting loops
are continuous functions of cos 1 and cos 2 , and they can be expanded as
Similar to the single-qubit case, expanding I 1 and I 2 in Eq. ͑15͒ as series and substituting Eq. ͑16͒ into them, one can obtain the coefficients a mn (i) :
, can be expanded as Taylor series
and the coefficients b mn (i) can be obtained similarly:
In the spin-1 2 representation, the circulating currents in the left and right superconducting loops are cast to
, ͑19͒
while the Hamiltonian of the double-qubit structure is given by
and
͑23͒
In Eqs. ͑21͒-͑23͒, A i , B i , and C i are given by
Retaining the Hamiltonian up to the second order in expansion parameters, we have
and ⌸ 12 ϭ3M 12 I c1 I c2 sin(⌽ X1 /⌽ 0 )sin(⌽ X2 /⌽ 0 ). Choosing the applied gate voltages to be V Xi ϭ(2n ϩ1)e/C i , iϭ1,2, one has i (V Xi )ϭ0 and the Hamiltonian is reduced to
The two-bit operations are realized by evolving the system according to the unitary transformation Ϫ2 E J2 0 . For the typical experimental value of E J2 0 ϳ1K, the two-bit operation time is also very short and is about ϳ10ns.
In Ref. 7, interbit coupling is realized by connecting the single charge qubits to a common inductor to form an LC circuit, but it is assumed in the derivation of the interbit coupling term that the phase conjugate to the total charge on the external capacitors of both single qubits must fluctuate weakly. In contrast, an interbit coupling term ⌸ 12 x (1) x (2) is exactly derived in our approach. As for the case when the two charge qubits are far apart, mutual inductive coupling of the two qubits can still be effectively realized by means of the superconducting flux transporter as designed by Mooij et al. 9 for phase qubits. In conclusion, the essential roles of self and mutual inductances in SQUID charge qubits are studied and a scheme to couple charge qubits is proposed by means of mutual inductance. It is shown that the Hamiltonians can be exactly formulated in compact forms in the spin- 
